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Abstract 



We consider the joint distribution of real and imaginary parts of eigenvalues of 
random matrices with independent real entries with mean zero and unit variance. We 
prove the convergence of this distribution to the uniform distribution on the unit disc 
without assumptions on the existence of a density for the distribution of entries. We 
assume however that the entries have sub-Gaussian tails or are sparsely non-zero. 



1 Introduction 

Let Xjk, 1 < J, A; < oo, be complex random variables with E.Xjk = and E|Xjfcp = 1. For 
a fixed n > 1, denote by Ai, . . . , A„ the eigenvalues of the n x n matrix 

X = -^{XnU, k))lk=i, Xn{j, k) = for l<j,k<n, (1.1) 



'n yjn 
and define its empirical spectral distribution function by 



1 " 

Gn{x,y) = - '^I{Rc{Xj}<x,lm{Xj}<y}i (1-2) 



n 



where I^b] denotes the indicator of an event B. We investigate the convergence of the 
expected spectral distribution function E,Gn{x,y) to the distribution function G{x,y) of 
the uniform distribution over the unit disc in M^. 

We shall assume that the random variables Xji^ are sub-Gaussian, i. e. 
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Definition 1.1. A random variable (3 is called sub-Gaussian (respectively f3 has a distri- 
bution with sub-Gaussian tails) if for any t > 

Pr{|/3| > t} < Cexp{-ct2}. 

The main result of our paper is the following 

Theorem 1.2. Let Xj]^ he independent identically distributed sub-Gaussian random vari- 
ables with 

EXjfc = 0, E|Xjfcp = l. 
Then E Gn{x,y) converges weakly to the distribution function G{x,y) as n ^ oo. 

We shall prove the same result for the follows class of sparse matrices. Let Ejk, 
j,k = l,...,n denote Bernoulli random variables which are independent in aggregate 
and independent of {Xjk)^f,^-^ with p„ := Fr{ejk = 1}. Consider the matrix X^*^) = 

--^==(ejkXjk)^i^^-^. Let Af,...,A^ denote the (complex) eigenvalues of the matrix X^*^) 

and denote by G^{x,y) the empirical spectral distribution function of the matrix X(^\ i. 
e. 

1 

-IZ-^{Rc{A5}<x, Im{A^n<?;}- (1-3) 

Theorem 1.3. Let Xjk be independent identically distributed sub-Gaussian random vari- 
ables with 

EXjfc = 0, E|Xjfcp = l. 

Assume that npf^ — > oo as n ^ oo. Then EG^{x,y) converges weakly to the distribution 
function G{x,y) as n ^ oo. 

Remark 1.4. The assumption npf^ — > oo is merely technical and due to our approach to 
bound the minimal singular values of sparse matrices. For details see Subsection 16.21 in 
the Appendix. 

Remark 1.5. The crucial problem of the proofs of Theorems 11.21 and 11.31 is to bound the 
minimal singular values of shifted matrices X — and X^ — zl. These bounds are based 
on the results obtained by Rudelson in |21] . 

The investigation of the convergence the spectral distribution functions of real or com- 
plex (non-symmetric and non-Hermitian) random matrices with independent entries has a 
long history. Ginibre in 1965, [10], studied the real, complex and quaternion matrices with 
i. i. d. Gaussian entries. He derived the joint density for the distribution of eigenvalues 
of matrix. Using the Ginibre results, Edelman in 1997, [Ij proved the circular law for the 
matrices with i. i. d. Gaussian entries. Girko in 1984, [7], investigated the circular law 
for general matrices with independent entries assuming that the distribution of the entries 
have densities. As pointed out by Bai [2], Girko's proof had serious gaps. Bai in [2] gave 
a proof of the circular law for random matrices with independent entries assuming that 
the entries had bounded densities and finite sixth moments. Unfortunately this result still 
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does not cover the case the the Wigner ensemble and in particular ensembles of matrices 
with Rademacher entries. These ensembles are of some interest in various applications, 
see e.g. |22] . (Wigner, in his pioneering work in 1955 [23] proved the semi- circular law for 
symmetric matrices with i. i. d. Rademacher entries). A discussion of Girko's contribution 
to the proof of the universality of the cicular law may be found in Edelman [1] as well. 
Girko published several papers providing additional explanations and corrections of his 
arguments in his paper in 1984 [7], see, for example, [5]! [H], [9]. In [5] he states the circular 
law for matrices with independent entries without any assumption on their densities. His 
proof unfortunately does not show why (assuming his conditions) 

lim lim E log I det(X(z)(X(z))* + e^ll = lim lim E log I det(X(z)(X(z))* + e^ll. 

e— >0 n— >co n— >oo e— ♦O 

See for example Khoruzhenko's |15j . remark on the "regularization of potential". Girko's 
[7j approach using families of spectra of Hermitian matrices for a characterisation of the 
circular-law based on the so-called V-transform was fruitful for all later work. See, for 
example, Girko's Lemma 1 in [2]. 

We shall outline his approach using logarithmic potential theory. Let ^ denote a 
random variable uniformly distributed over the unit disc. For any r > 0, consider the 
matrix, 

X(r) = X - r^I, 

(r) 

where I denotes the identity matrix of order n. Let jin be empirical spectral measure of 
matrix X(r) defined on the complex plane as empirical measure of the set of eigenvalues of 
matrix. We define a logarithmic potential of the expected spectral measure Eiiin \ds,dt) 
as 

C/M(z) = -^E log I det(X(r) - zl)| = - i ^ E log | A, - z - r^, 
where Ai, . . . , are the eigenvalues of the matrix X. Note that the expected spectral 

(r) 

measure E is the convolution of the measure E /i„ and the uniform distribution on the 
disc of radius r (see Lemma 16.21 in the Appendix for details) . 

Lemma 1.1. Assume that the sequence E fin^ converges weakly to a measure as n —> oo 
and r ^ 0. Then 

/i = lim E/Ltn. (1.4) 

n— >oo 

Proof. Let J be a random variable which is uniformly distributed on the set {1, . . . ,n} 

(r) 

and independent of the matrix X. We may represent the measure E /i^ as distribution of 
a random variable Aj + where Aj and ^ are independent. Computing the characteristic 
function of this measure and passing first to the limit with respect to n ^ oo and then 
with respect to r — > (see also Lemma [Q] in the Appendix), we conclude the result. □ 

(r) 

Now we may fix r > and consider the measures E . They have bounded densities. 
Assume that the measures E /i„ have supports in a fixed compact set and that E fin 
converges weakly to a measure /x. Applying Theorem 6.9 (Lower Envelope Theorem) 
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where 



from [18], p. 73 (see also Subsection 16.11 in the Appendix), we obtain that under these 
assumptions 

liminf?7^")(^) = C/('^)(z), (1.5) 

n^oo 

for quasi-every where in C (for the definition of quasi- every wherd^ see for example [18] . p 
24 and Subsection 16.11 in the Appendix). Here U^'^\z) denotes the logarithmic potential 
of measure fi^^'^ which is the convolution of a measure and of the uniform distribution 
on the disc of radius r. Furthermore, note that U^'''\z) we may represented as 

(zo) = — / vL{n;zo,v)dv, 
r Jo 

L{fi;zo,v) = ^f U^''Hzo + veMi0})d9. (1.6) 
Applying Theorem 1.2 in [TBj, p. 84, (Theorem 16.21 in Subsection 16 . 1 1 in the Appendix) we 

^ lim[/M(z) = C/^(z). 

r— >0 

Let si(X) > . . . > Sn(X) denote the singular values of matrix X. Note that for any M > 2 
Pr{si(X) > M} < Pr{s?(X) > 4} < sup|EF„(x) - Mi{x)\ < Cn^i, (1.7) 

X 

where Fn{x) denotes the empirical distribution function of the matrix ^XX*. Here X* 
stands for the complex conjugate and transpose of the matrix X, and Mi{x) denotes 
Marchenko-Pastur distribution function with parameter 1 and density 



1 A — X 

(See, for example, [3], Theorem 3.2). This implies that the sequence of measures E//„ is 
weakly relatively compact. These results imply that we may restrict the measures E /x^ 
to some compact set K such that sup„ E//„(Er('^^) — > 0. If we take some subsequence of 
the sequence of restricted measures E /i„ which converges to some measure /x, then 
lim inf „_^oo f^/i^'' (-z) = uj{\z), r > and limr^oUl{\z) = U^{z). If we prove that 
limmin~,ooUl{^{z) exists and U^{z) is equal to the logarithmic potential corresponding 
the uniform distribution on the unit disc then the sequence of measures E weakly con- 
verges to the uniform distribution on the unit disc. Moreover, it is enough to prove that 
for some sequence r = r{n) — > 0, lim^^oo U^]{z) = Ufj,{z). 

Furthermore, let sf (z, r) > ... > s^{z, r) denote the singular values of matrix X^(z, r) = 
X^(r) — zl. We shall investigate the logarithmic potential uji^{z). Using elementary 
properties of singular values (see for instance Lemma 3.3 [11], p. 35), we may represent the 
function ul{]{z) as follows 

t^i'j(^) = logs'j{z,r) = "2 / log xEu^{dx,z,r), 
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where ^'^(•, -z, r) denotes the spectral measure of the matrix H^(z, r) = (X^(r)— 2;I)(X^(r) — 
zl)* , which is the counting measure of the set of eigenvalues of the matrix H^(z,r)). 

In Section [2]) we investigate convergence of measure = z/^(-, z, 0). In Section [3] 

we study the properties of the limit measures z). But the crucial problem for the proof 
of the circular law is the so called "regularization of potential" problem. See Khoruzhenko 
|15j . We solve this problem using bounds for the minimal singular values of matrices 
X^(z) := — zl based on techniques developed in Rudelson [21]. These bounds are given 
in Section d] and in the Appendix, Subsection 16.21 In Section [5] we give the proof of the 
main Theorem. In the Appendix we combine precise statements of relevant results, from 
potential theory and some auxiliary inequalities for the resolvent matrices. 

2 Convergence of z^^(-, 

Denote by F^{x, z) the distribution function of the measure z), 

1 " 

Fnix.z) = - ^I{{s-{z)y<x), 

where s\{z) > ... > s^{z) > denote the singular values of the matrix X^(z) = X^ — z\. 
For a positive random variable ^ and a Rademacher random variable (r. v.) k consider 
the transformed r. v. ^ = Ky^. If Q has distribution function F^{x,z) the variable C has 
distribution function F^{x,z), given by 

F^{x,z) = ^{l + sgn{x}F^{x\z)) 

for all real x. Note that this induces a one-to-one corresponds between the respective 
measures i'!f^{-,z) and The limit distribution function of F^{x,z) as n — > oo , is 

denoted by F(-,z) with corresponding symmetrization F(x,z) being the limit of F^{x,z) 
as n ^ oo. We have 

sup\F^{x,z) - F{x,z)\ = sup|F^(x,2;) - F{x,z)\. 

X X 

Denote by s^{a,z) (resp. s{a,z)) and S^{x,z) (resp. S{x,z)) the Stieltjes transforms 
of the measures h'^{-,z) (resp. h'{-,z)) and i/^{-,z) (resp. u{-,z)) correspondingly. Then 
we have 

S!^{a, z) = as^(a^, z), 5(a, z) = as{a^ , z). 

Remark 2.1. As is shown in Bai [2], the measure z^(-, z) has a density p{x^ z) and bounded 
support. More precisely, p{x,z) < Cmaxjl, -^}- Thus the measure i^{-,z) has bounded 

support and bounded density p(x, z) = |3;|p(x^, z). 
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Theorem 2.2. LetEXjk = 0, E iXfcp = 1, and 



X3 = max B\Xjk\-^. (2.1) 

l<J,fe<oo 



Then 



sup\F^ix,z)-F{x,z)\ < Cx3(np„)-io. (2.2) 



Proof. To bound the distance between the distribution functions F^{x,z) and F{x,z) we 
investigate the distance between the Stieltjes transforms of these distribution functions. 
Introduce the Hermitian 2n x 2n matrix 



W 



0„ (X^-zI) 
(X^-zI)* o„ 



where On denotes n x n matrix with all entries equal to zero. From Sur's complement 
formula (see for example |14j . Ch. 08, p. 21) it follows that, for a = u + iv, v > 0, 



(W-al «(X^W(X^Wr-«'ln) ' X-(^)(X-(^)(X-(z))*-a2i„)-i \ 

'"^ \{iX%z)rX%z) - aHn)-' (X^z))* a{{X%z)rX%z)-an^y') 

(2.3) 

where X^{z) = X^ — zl and l2n denotes the unit matrix of order 2n. By definition of 
5^ (a, z), we have 

SU<^,z) = i-ETr(W-al2„)-^ 
Set Yi{a,z) := (-Rj,fc(a> -2))^ ^=1 = (W — al2n)~^- It is easy to check that 

l + aS!,{a,z) = — ETrWR(a,z). 
2n 

We may rewrite this equality as 

1 — 

1 + a5^(a, z) = - — —= ^ E {ejkXjkRk+n,j{a, z) + ejkXjkRj+n,k{a, z)) 

V j,fc=i 



_ n n 
2: \ ^ „ „ . . Z 



2^ EE^.,.+n(a,2) - - J]Ei?,+„,,(a,z). (2.4) 
i=i i=i 



We introduce the notations 



A = {X.'{z)(X'{z)y - a^iy\ B = X^(z)A, 
C = {{X.^z))*X%z) - a^I)-\ D = C{X^z)y 



With these notations we rewrite equality (j2.3p as follows 



R(a, z) = (W - ahnr' = (2.5) 



6 



Equalities ()2.5p and (|2.4p together imply 

1 



1 + aS^{a, z) = E {£jkXjkRk+n,j{a, z) + £jkX jkRj,k+n{a, z)) 

j,k=i 



- — ETVD - — ETrB. (2.6) 

2n 2n ^ ' 

In the what follows we shall use a simple resolvent equality. For two matrices U and 
V let Rc/ = (U - aiy\ Ku+V = (U + V - al)'^, then 

Let {ei,...e2n} denote the canonical orthonormal basis in M^". Let W^-''^') denote the 
matrix is obtained from W by replacing the both entries Xj k and Xj^k by 0. In our 
notation we may write 

W = W(^''=) + -l-e^^X,kejel^^ + -l=ejkX,kek+neJ ■ (2.7) 

Using this representation and the resolvent equality, we get 

R = Jlim _ .^x,-fcR(j''=)e,-e^+„R - ^^e^.^^Z.fcR^^'^^efc+^ejR. (2.8) 

Here and in the what follows we omit the arguments a and z in the notation of resolvent 
matrices. For any vector a, let denote the transposed vector a. Applying the resolvent 
equality again, we obtain 

R = RO-,fc) _ x,feR(^»e,ei'+„R(^''=) - ^e^.,X,fcR(^''=)efc+„ejR(^''=) + T^^''^), 



where 



— ^jk^jk"- ^J^k+n^ ^J^k+n^ 

+ — e,-fc 1 2R(j»e,-e^+„R(^''=)efc+„ejR 

+ — e,fc(X,-fc)2R0-''=)efc+„ejR(^»e,ei^+„R 

+ — £,-fc|X,-fcpR(^''=)efc+„ejR(j''=)efc+„ejR 
npn ■' 



This implies 



^j,k+n — ^j,k+n fpppT^^^^ j'^ ^k+n,k+n /z-r-^jk^ jk\^j,k+n) "i" ^j,k+n 



■n-fc+nj — -n-fe+nj ^^^-—t.jky^jkl^k+n,j^j,k+n ^yjj^^jk^ jk^k+n,k+n^j,j "i" fc+n. j 

(2.9) 
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Applying these notations to the equahty (|2.6p and taking into account that Xjk and R^-^'^) 
are independent, we get 



1 + aSf,{a, z) + T^TVD + T^TrB 
Zn In 



3^ i,3 ^k+n,k+n 



n^Pn 



j,k=l 
n 



2n^p. 



1 



j,k=l 



V rTi{j,k) 



j,k = l 



(2.10) 



By definition of T^-'''^^ and standard resolvent properties, we obtain the following bounds, 
for any p, q = 1, . . . , 2n, j, k = 1, . . . n, and any z = u + iv, v > 0, 



„2 X] ^l-^ifc+nl - ^^4 
j,k=l 



nwnpn 



j,k=i 



npnV^ 



(2.11) 
(2.12) 



For the proof of these inequalities see in the Appendix, Lemma 16.11 Using the last in- 
equalities we obtain, that for > 



l-^^^l-^^ l-^NT^^ ^{jk) „[jk) 



n 



Yl ^ - Yl Rk+n,k+n -^YY^ ^jj 



'k+n,k+n 



k=l 



< 



< 



j=l k=l 

c 



V ^ j=i k=i 



■3J\ 



CX3 



Since ^ YTj=i ^jj = ^ Efc=i Rk+n,k+n = ^TrR-(a, z), we obtain 

n n „ 

liEEEflr<iM„-E(:i-TrR(a..))=| < ^ 



j = l k = l 



(2.13) 



(2.14) 



Note that for any Hermitian random matrix W with independent entries on and above 
the diagonal we have 



1 



1, 



E|-TrR(a,z) - E -TrR(a, z)|^ < 



C 



n 



n 



nv 



2 ■ 



(2.15) 
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The proof of this inequahty is easy and due to a martingale type expansion aheady used 
by Girko. Inequahties (|2.14p and (j2.15p together imply that for v > cn~4 

n n „ 

\^.Y.Y.^<''^'^'Un-iSUa,z)f\ < (2.16) 
j=i k=i ^ 



We may now rewrite equality ()2.6p as follows 

l + aSUa,z) + iSUa,z)f = -^BTTn-^ETtB + e—^, (2.17) 

were is a function such that \Q\ < 1 and v > c(np„)~4. 

We now investigate the functions T{a,z) = ^ETrD and V{a,z) = ;^EB. Since the 
arguments for both functions are similar we provide it for the first one only. By definition 
of the matrix B, we have 

1 " 

TrB = —=Y^ e,,X,Mi^%z){X^iz)r-a')-\, 

\/'''P n . , , 

According to equality (|2.5p . we have 

1 " 

TVB = — = V EjkXj^kRkj - zTiA 
V j,fc=i 

Using the resolvent equality (|2.8p and Lemma ETTl we get, for v > c{npn)~^ 

^(«. ^) = -d? t E <&„4" - .) + (2.18) 

j,k=l 

Similar to (j2.16p we obtain 



E ^RfR'iS^n-V{a,z)St,{a,z)\ < (2.19) 



Inequalities ()2.18p and (|2.19p together imply, for v > c{npn) 



a + bfi[a,z) npnV^la + bf^{a, z)\ 



Analogously we get 



rp(^ X zS^{a,z) C 

T{a,z) = — -— - + e — — — -. (2.21) 

a + b^[a,z) npnV^\a + b^[a, z)\ 
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Insecting ([2:20]) and ([2:21]) in ([2J0]) . we get 



where 



CX3 



|<Jn(a,^)| < 



np„f2|S^(a, z) + a| 
or equivalently 

5^(a, z) (a + 5^(0, z))'^ + (a + SnC^a, z)) - \z\'^Sf^{a, z) = Sn{a, z), 
were (5^1 (a, z) = ^p^v^ • '^^^ ^^^^ equation we may rewrite as 

a + S^(a, z) 



were 



(5„(a, z) 



Note that 



This imphes that 



(a + S^{a, z)Y — |zp 
\6n{a,z)\ < 



{a + S^^{a,z)y - \z\ 



< 



v\a + S^{a,z)\ 



C 



npnv'^\a + Sf^{a,z) \ ' 
Furthermore, we prove the following simple Lemma. 

Lemma 2.1. Let a = u + iv, v > 0. Let S{a, z) satisfy the equation 

^ a + S{a,z) 

^"'^^ (a + 5(a,z))2-|z|2- 

and Im{S'(a,z)} > 0. Then the following inequality 

|z|2|5(a,z)|2 ^ V 



1 — \S{a, z) 



> 



\a + S{a, z)|2 V + 1 



holds. 



(2.22) 



(2.23) 

(2.24) 
(2.25) 



(2.26) 



Proof. The Stieltjes transform S{a, z) satisfies the following equation, for a 
v>0, 

a + S{a,z) 
(a + 5(a,z))2-|z|2- 

Comparing the imaginary parts of both sides of this equation, we get 

Iq, _|_ 5'(a,z)|2 + |z|2 
Im{a + S{a, z)} = Im{a + S{a, z)} — — ^—^^ — \~I2\2 ~^ ^' 



\{a + S{a, z))2 — \z\ 



u + iv with 
(2.27) 

(2.28) 
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Equations (|2.26p and ()2.28p together imply 

Im{a + S{a, z)} ^1 - ^ s{a, z^ - \z\^\^ ) = " ^^'^'^ 
Since v > and Im{a + S{a,z)} > 0, it follows that 

|a + 5(a,z)P + |zp 
|(a + 5(a,z))2-|z|2|2 ^ ^■ 

In particular, we have 

\S{a,z)\ < 1. 

Inequality (|2.29p and the last remark together imply 

^ |q + 5(a, z)p + |z|2 V > " 



|(a + 5(a,z))2 - |z|2|2 Im{a + 5(a,z)} " u + l' 

The proof is completed. □ 

To compare the function S{a,z) and Sn{o:,z) we prove 
Lemma 2.2. Lei 

\Snia,z)\ < -. 

Then the following inequality holds 

_ |a + Sf^{a,z)\'^ + |z|2 

" |(a + 5^,(a,z))2-|z|2|2 - 4' 



Proof. By assumption, we have 



Im{5„(Q,z) +q} > -. 



Repeating the arguments of Lemma 12.11 completes the proof. □ 

The next Lemma give as a bound for the distance between the Stieltjes transforms 
S{a,z) and Sf^{a,z). 

Lemma 2.3. Let 

\Snioi,z)\ < -. 

Then ^ 

\SUa,z)-S{a,z)\<^^^i^. 
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Proof. Note that S{a,z) and S^{a,z) satisfy the equations 

a + S{a, z) 



S{a, z) 



{a + S{a, z^ 



and 



S'^{a,z) 



a + Sf^{a, z) 



+ 5n{a,z) 



{a + Sf^{a, zY — \z\'^ 
respectively. These equations together imply 

(a + 5^(a, z)){a + S{a, z)) + |zp 



S{a, z) — S^{a, z) 



{{a + S{a, zf - |^|2)((a + S^(a, zf - \z\^) 
x{S{a, z) - Sn{a, z)) + 6n{a, z). 



Applying inequality \ab\ < ^(a^ + 6^), we get 



(a + Sn{a, z)){a + S{a, z)) + |z| 



((a + S{a, zf - |z|2)((a + 5^(a, z)2 - |z|2) 
|a + 5„(a,2:)p + |zp 



4'^ 



|(a + S^ia, z)Y - \z 
\a + 5(a, z)p + \z\ 



1212 



|(a + 5(a,z))2-|z|2|2y • 
The last inequality and Lemmas 12.11 and 12.21 together imply 

(a + S^{a, z)){a + S{a, z)) + |zp 



1 - 



((a + 5(a, z)2 - |z|2)((a + 5^(a, z)2 - \z\^) 
This completes the proof of the Lemma. 



V 

> -. 

- 4 



(2.30) 
(2.31) 



(2.32) 



□ 



To bound the distance between the distribution function Fn{x, z) and the distribution 
function F(x, z) corresponding the Stieltjes transform S{a, z) we use Corollary 2.3 from 
|12j . In the next lemma we give an integral bound for the distance between the Stieltjes 
transforms 5'(a, z) and 5*^(0, z). 

Lemma 2.4. For v > VQ{n) = c{npn)~^^'^ the inequality 



\S{a, z) — S^{a, z)\du < 



C(l + kP)x3 



npnV 



6 



holds. 

Proof. It is enough to prove that 



\5nia,z)\du < C'Jn 



12 



where 7^ = ■ By definition of 5(a, z), we have 



00 



\5n{a,z)\du < [ - — , (2.33) 



Furthermore, the representation ()2.24p imphes that 



|(q; + 5^(0, z))^ — \a + S^{a,z)\ \a + S^{a,z 

Note that, according to the relation (|2.23|) . 



|Q; + 5^(a,z)| |a + S'^(a,z)p " ' ja + 5^(q;, z)P " ' v"^ \a + S^{a, 

(2.35) 

This inequahty imphes 

\Sl{a,z)\ ^ / C(l + |z|2) /-"^ ^,2^ /"""iw M l'5^(«>^)l ^ 

(2.36) 

It fohows from the relation (j2.22p . for v > c{npn)~*, that 

\Sn{a,z)\ < (2.37) 

The last two inequalities together imply that for sufficiently large n and v > c{npn)~^, 
|5^(a,z)| ^^^^C(l + |zp) r ,ce.„, .M2.../C^(l + k"^ 



(in < ^ V / |>gn(Q,.g)rdn < ' ■ (2-38) 



|a + 5^(a,z)| i;2 ' 

The inequalities (j2.35p . (j2.33p . and the definition of 6n{a,z) together imply 

\dn{a, z)\du < + + r \S^(a, z)\du. (2.39) 

If we choose v such that — < i we obtain 

\6nia,z)\du< ^ ^' ' ^ (2.40) 

□ 

In Section [3] is shown that the measure v{-,z) has bounded support and bounded 
density for any z. To bound the distance between the distribution functions EF„(x,z) 
and F{x,z) we may apply Corollary 3.2 from [12] (see also Lemma 16.41 in the Appendix). 
We take V = 1 and vq = C{npn)~^- Then Lemmas 12.11 and 12.21 together imply 

sup\BF^ix,z)-Fix,z)\ <C{npn)-\. (2.41) 

X 

□ 
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3 Properties of the measure i^{-,z) 

In this Section we investigate the properties of the measure ;/(•, z). At first note that there 
exists a solution S{a, z) of the equation 

b{a,z) = --— 7 -75 T—^ (3.1) 

^ ' {S{a,z) + zf -\z\^ ^ ' 

such that 

Im{S'(a,z)} > for v>Q 

and S{a, z) is an analytic function in the upper half-plane a = u + iv, v > This follows 
from the relative compactness of the sequence of analytic functions Sn{oi^ z), n G N. From 
(|2.3U|) it follows immediately that 

\S{a,z)\<l. (3.2) 
Set y = S{x, z) + X and consider the equation (j2.30p on the real line 

y = 2 ^1 12 (^•'^) 

y ~ \A 

or 

?/3-a;y2 + (i_ |z|2)y + x|zp = 0. (3.4) 

Set 

2 _ 5 + 2|zp (l + 8|zp)i -1 2 _ 5 + 2|zp (l + 8|zp)i +1 



It is straightforward to check that for \z\ < 1 — |zp) < and x| < for \z\ < 1 

and X2 = for \z\ = 1, and > foi' kl > 1- 



Lemma 3.1. In the case \z\ < 1 equation ^3.4\ ) has one real root for \x\ < and 
three real roots for \x\ > \xi\. In the case |z| > 1 equation ( |g.^| ) has one real root for 
\x2\ < \xi\ and has tree real roots for \x\ < \x2\ or for \x\ > \xi\. 

Proof. Set 

L{y) := - xy"^ + (1 - \z\'^)y + 
We consider the roots equation 

L'(y) =32/2-2xy + (l-|z|2) = 0. (3.6) 

The roots of this equation are 



X ± J x'^ — 3(1 — |zp) 
yi,2 = 5 ■ 
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This implies that, for |z| < 1 and for 

\x\ < 



the equation (j3.4p has one real root. Furthermore, direct calculations shown that 

L{yi)L{y2) = ^ {-4\z\^x^ + (8|z|4 + 20\z\' - l)x' + 4(1 - \z\^f) 

Solving the equation L{yi)L{y2) = with respect to x, we get for \z\ < 1 and 
V3(l - |z|2) < |x| < |xi| 

L{yi)L{y2) > 0, 



and for \z\ < 1 and \x\ > J + ^i±%g^ 



L(yi)L(y2) < 0, 

These relations imply that for \z\ < 1 the function L{y) has three real roots for \x\ > \xi\ 
and one real root for \x\ < \xi\. 

Consider the case \z\ > 1 now. In this case yi^2 are real for all x and x| > 0. Note that 

L{yi)L{y2) < 

for \x\ < \x2\ and for \x\ > \xi\ and 

L{yi)L(y2) > 

for \x2\ < x < l^il. These implies that for \z\ > 1 and for \x2\ < x < \xi\ the function 
L{y) has one real root and for |x| < \x2\ or for |x| > the function L{y) has three real 
roots. The Lemma is proved. □ 

Remark 3.1. From Lemma [3. II it follows that the measure i'{x, z) has a density p(x, z) and 

• p(x, -z) < 1, for all x and z 

• for \z\ < 1, if |x| > xi then p{x, z) = 0; 

• for \z\ > 1, if |x| > xi or \x\ < X2 then p{x, z) = 0; 

• p(x, z) > otherwise. 

The next lemma is an analogue of Lemma 4.4 in Bai [5]. 
Lemma 3.2. The following equality 

^ log xu{dx, z)j = i5?{5(x, z)} (3.7) 

holds. 

15 



Proof. Following Bai [2] Lemma 4.4, we consider 

'''^ dy{x) 



I{C) := [ 
Jo 



ds 



dx. (3.8) 



We have 

+ 2xy'^ + x'^y-\z\'^y + y + x = Q. (3.9) 
Taking the derivatives with respect to x and s correspondingly, we get 

1^ (32/2 + 4x2/ + (1 - \z? + x^)) = -1 - 2y{x + y) (3.10) 



and 

|j (32/2 + Axy + (1 - + x^)) = 2sy. (3.11) 
These equalities together imply 

dy 2sy dy 



ds l + 2y{x + y)dx' 
Prom equation (j3.9p it follows that 



(3.12) 



1 + 22/(2/ + x) = ±Vr+4|^|V- (3.13) 
Using the results of Remark 13. H it is straightforward to check that for |z| < 1 



1 + 22/(2/ + re) = VI + 4|z| 22/2 (3.14) 



and for |2;| > 1 there exists a number xq such that y^l + 4|zp2/^ = 0. Furthermore, we 
have for — xq < x < 

1 + 22/(2/ + x) = Vl + 4kp2/2 (3.15) 

and for x < — xq we obtain 



1 + 22/(2/ + x) = -Vr+4|I|V. (3.16) 
Using these equalities, we get 

r = - r '^4.. (3.17) 

For \z\ < 1, we have 

/I - - L TmW^Tx'^ ^ W ^ '^'^'''^-'^ Wl + 4N2(|.|2 _ 1) 

(3.18) 
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In the limit C — > oo, we get, for \z\ < 1, 



°J|d. = i (3.19) 



For \z\ > 1, we have 



° ''d. = r , 'y- - r , = ^- (3.20) 



,ds y.xo Vl + 4|z|2y2 dx + dx 2\z 

Similar to Bai [2] (equality (4.39)) we have 

y(x)dx = / y(x)dx = / / v(du,z)dx 

-c J-c Jo Jo u + x 

/•oo 

= In 



roc 

C + I \[n{u + C) -\nu]v{du,z) 
Jo 

roo ^ /-oo 

lnC+ / ln(l + -)i/((iti,z) - / lnw(du,2) (3.21) 
Jo Jq 



After differentiation we get 

— j hiuv{du,z) = — j ln{l + —)u{du, z) - —y{x)dx. (3.22) 
Relations (|3.19p - (|3.22p together imply the result. □ 

4 The smallest singular value 

In this Section we prove a bound for the minimal singular value of the matrices X — z\. 
A corresponding bound for sparse matrices we shall give in the Appendix. Let X = 
(Xjfi)^ ^^-^ be an n X n matrix with i.i.d. entries Xjj^, j,k = 1, . . . , n and ejk j, k = 
l...,n Bernoulli i. i. d. random variables independent on Xj^, j,k = l,...,n with 
Pn = Pv{sjk = 1}. Assume that EXjfc = and EX|^ = 1. We prove the following result. 
Denote by 51(2;) > ... > Sn{z) the singular values of the matrix 'K{z) := X — zl. 

Theorem 4.1. Let Xjk he independent random variables with suh- Gaussian tails, i. e. 

Pr{|X,fe| >t} <exp{-ct2}. (4.1) 
Then for any 2; G C such that I-?] < 4 and for any 7 > 

Pr{s„ < l/Cn^} < 7, (4-2) 
for some positive constants C and c. 
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The proof of this theorem is based on the arguments of Rudelson [21] . He proved the 
same result for z = and for a real matrix X. To generalize this result to complex z and 
complex matrices we need some modifications of his proof. To bound the smallest singular 
value in our case we need to consider the complex unit sphere S^'^~^^ in C". 

By the symbols C and c with or without indices or without it we shall denote some 
absolute constants. We shal adapt Rudelson's enumeration of constants, i. e. the lower 
indices of constants correspond the number of the Theorems in Rudelson's paper. 

Let a = (ai, . . . ,an) denote a vector in S^"^'^^ in C". Then a = (|q!i|, . . . , |an|) is 
an element of the unit sphere S^'^~^^ C M". We shall use the arguments of Rudelson for 
real vectors a. Furthermore, we need some modifications of his concentration results for 
complex random variables. These are Theorem 3.5 and Lemma 4.2 in [21]. We start with 
Theorem 3.5. We may reformulate it as follows. 

Theorem 4.2. Let (3 a complex random variable such that E/3 = and Pr{|/3| > c} > d , 
for some c^d > 0. Let Pi, . . . , Pn be independent copies of j3. Let A > and let x = 



(^X\ J ... J X' 

posit, 



G C" he a vector such a < \xj\ < Ca.sa for a some a > and for some 
positive constant C3.5. Let ej be i. i. d. Bernoulli random variables independent on 



Jo 



1, . . . ,n. Then there exists a constant C3.5 such that for any A < for any 
. , n and any u,v G C 



Pr 



^ ^ ^jPjXj 1/ IT'PnUXjQ 



< A > < 



C3A 



J2Pi{x,A), (4.3) 



where 



Pk{x,A) = #{j : \xj\ G (fcA,(A: + l)A]}. 

Proof. The proof of this Theorem is based on Lemma 3.1 in [21]. We reformulate this 
result for the complex case 

Lemma 4.1. Let c > 0, < A < and /3i,...,/3„ be independent complex random 



varia 



bles such that ^f3j =0 and Pr{|/3j| > ^/2a} > c, where Pj = Pj — /?' and /3' 



IS an 



independent copy of Pj. Let ej be i. i. d. Bernoulli random variables independent on Pj, 
j = I, . . . ,n. Then, tehere exist constants c, c' such that for any v £ C, 



Pr 



< A > < 



C3,. 



(npn) 



Siiy)dy + ce-'-^" 



where 



SA{y) = Y.Mm e [y-^A,y + 7rA]}. 
Proof. Let Pj = + i r]j , and v = c + i d. In this notation we have 



(4.4) 



(4.5) 



Pr 



< A > < min < Pr 



i=i 



< A > , Pr 



E " ^ 

i=i 



< A 
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Note that 

ieiP + |r?,P = |/3,f, (4.6) 

implies 

max{|e,|, 1^.1} (4.7) 
By the Lemma of Esseen (see, for example, [20] Lemma 3, p. 38), for any v £ C we have 

Q<Cmini/ \<P%t/A)\dt, [ \ij%t/A)\dt\ , (4.8) 



2 ' 2 J L 2 ' 2 J 



where (/>^(t) := E exp{itJ2'J^^ ejCj} and ^p%t) := E exp{itX;"=i Let Cj = ij - iCj)' 

and rjj = 'Hj — iVj)' where (^j)' and (r^j)' denote independent copies of and r]j respectively. 
Note that 

\^j\' + \v,\' = m' (4.9) 

This implies that at least ^ of the random variables or rjj, j = 1, . . . ,n, satisfy the 
inequality 

101 > ^1^,1, or |^,|>i=|^,|. (4.10) 

Without loss of generality we shall assume that m > [^] random variables satisfy the 
inequality 

\^j\>^m- (4.11) 

The last inequality yields 

Pr{ICj l > a} > c > 0. (4.12) 

Following Rudelson, we introduce the random variable tj by conditioning on > 2a. 
We may repeat from here on his proof of Lemma 3.1 and Theorem 4.1 in [21] to obtain 
the result of Theorem 14.21 After simple calculations we get 

* ^ * 

\(^%t)\ < exp{-pn{l-Pn)J2{l - Re</>,(t)) - ^pIJ2(1 - |0j(t)P)}, (4.13) 

* 

where ^ denote the summation over all indexes j = 1, . . . ,n such that inequality (j4.12p 
holds and <j)j{t) = E explit^}. Furthermore, for all j such that (j4.12p holds we have 

l-\(pj{t)\'^ > cB {1- cos Tjt). (4.14) 

Inequalities ()4.13l) and ()4.14p together imply 

|</.(t)| <exp{-c7(t)}, (4.15) 

where 

/(O = E J^(l-COST,0. 
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In the what follows we repeat Rudelson arguments for the rest of proof. Let 

T{l,r)={t: f{t/A))<l,\t\<r}, (4.16) 

M = max/(i/A). (4.17) 
1*1— ■J 

To estimate M from below, notice that 

1 /"f * 

M = max/(t/A) >- j E ^(1 - cos{Tj / A)t)dt (4.18) 

^ / 2 sin(r,-/A)7r/2\ , , 

= E > 1 ^ ' > cm > c'n, (4.19) 

^ V ^ ^i/A ) 

since |Tj|/A > 2a/ IS. > Att. We shall use the following result from Rudelson |21j . 
Lemma 4.2. Let < I < M/4. T/ien 

|T(/,vr/2)| <cyX|r(M/4,7r)|. (4.20) 



We have 



Q<C [ \(l){t/A)\dt <C [ exp{-c7(t)} 

-'[-7r/2,7r/2] ./[-7r/2,7r/2] 

< C / |r(/,7r/2)|e~'^''(i/. (4.21) 
Jo 



According to the last lemma we get 



Repeating the arguments of Rudelson in [21] , we obtain 



Q<-^[ ( VPr{rj E [z-7rA,z + 7rA]} ) dz + ce-"''' . (4.23) 

712 A iR\[-3a/2,3a/2] \ J 

Since tj are symmetric we may change the interval of integration set in the previous 
inequality to (3a/2,cxD). Moreover, if z G (3a/2,oo) 

Pr{Tj G [z-TrA,z + TTA]} < - Pr{^j G [z - ttA, z + ttA]} < -Pr{|^j| G [2 - vrA, z + vrA]}. 

^ (4.24) 

Furthermore, 

1 - Re{(/)j(t)} = E (1 - cos{ijt}. (4.25) 

repeating the previous arguments, we conclude the proof of Lemma l4.ll □ 
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We continue to prove Theorem 14.21 Recall that xj = aj+ibj,u = c + id and 
V = f -\- i g. Then the following inequality holds 



Pr{| (3jXj — y/nuxjg — y/nv\ < A} 



< min < 



^{(jaj - Vjbj) - Vnic^jo - dvjo) - Vnf \ < A}, 



n 



Pr{| ^(r?ja,- + ^^bj) - V^{cr],, + d^^,) - V^d\ < A} ^ . (4.26) 

Note that 

\Vjaj + Cjbj\^ + \^jaj - r^jbjl^ = |x,f |/3,f , (4.27) 

implies again 

max{\r]jaj + £,jbj\, \(,jaj - lybjl} > \xj\\Pj\/V2. (4.28) 

Conditioning given f3jQ , we may apply the result of Lemma 14.11 We obtain 

n „ 

Pr{| PjXj - y/^uxj^ - ^/^v\ < A} < -^—F{n) + ce"'^'"', (4.29) 

j^l 7712 A 

where 

oo 



Fifi) = / Siiy)dy 



and fi denotes the distribution of \f3\. Since 



SAiy)=^^t(T^Ay-TrA,y + TTA]\ , 

,=1 vi^ji / 



k=l 

we obtain 



C °° 



(4.30) 



F(^)<CA^|{i: G (A;A,(A: + 1)A]}|2, (4.31) 



Pr{| - V^uxj, - < A} < — ^ |{j : |rE,| G {kA, {k + 1)A]}|2. (4.32) 



j=i rn2 



This completes the proof. □ 
We also need the following lemma. 
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Lemma 4.3. Let Xj = aj+ibj,v = c + i d, (3j = S,j + i fjj- P be a random variable 
such that E/? = 0, E = 1 and let (3i, . . . , fin, be independent copies of (3. Let < r < R 
and let xi, . . . ,Xm £ C such that -J^ < \xj\ < for any j. Then there exist constants 
C4.2 and C4,2 such that for any t > %i and for any v £ C 



Pr 



< O < Ci,2t 



(4.33) 



Proof. We use the simple inequality 



Pr 



.jXj - V 



< t V < min{yl,S}, 



(4.34) 



where 



yl = Pr < 



^(CjOj - r]jbj) - c 



< t 



B=Fr 



^{Vjaj+^jbj) - d 



< t 



(4.35) 



Note that random variables = ^jaj — rjjbj (resp. ^j = S^jOj — rjjbj) are independent for 
j = l,...,n, 

max{J]E|e,f , E^le/} < (4.36) 



and 



max{j:E||e,P, EE|?,P}>^ 

j=i .7=1 



Applying the Berry-Esseen inequality, we obtain the result. 



(4.37) 



□ 



To conclude the proof of Theorem 14. II we repeat the proof of Rudelson |21j in the rest. 



5 Proof of the main Theorem 

In this Section we give the proof of Theorem 11.21 The proof of Theorem 11.31 is similar. 
We have to use Theorem 16.31 instead of Theorem 14.11 and instead of Bai's results we 
may use the result of Section [2] for z = only. For any 2; G C we introduce the set 
fi„(z) = {w e : > s„(x - zl), si(X) < 4}. From Bai [3] it follows that 

Pr{si(X) > 4} < Cn-i (5.1) 
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According to Theorem 14.11 

Pr{n~3 > s„(X - zl)} < Cn-^. (5.2) 

These inequahties imply 

Pr{fi„(z)} < Cn-i (5.3) 

Let r = r{n) such that r(n) — > as n — > oo. A more specific choice wih be made later. 

(r) 

Consider the potential Ufi„ . We have 

f/M = _iElog|det(X-zI-ra)| (5.4) 

^ n 1 " 

where Ia denotes an indicator function of an event A and Q,n\z) denotes the complement 

of Un{z). 

Lemma 5.1. Assuming the conditions of Theorem \4-l\ for r such that — n~^/^^logr — > 
as n ^ oo, we have 

U\^} ^0, asn^oo. (5.7) 

Proof. By definition, we have 

1 " 

f^£^ = --EElog|A,-re-.|/^(.)(^). (5.8) 
i=i 

Applying Cauchy's inequality, we get, for any a > 0, 

|C/M| < - li^ I log |A, - re - (Pr{174)iT^ 



n 



1 

l + Q, 



< I ^5^^|log|A, -re-^||^+" I (Pr{J7J)iTJ?. (5.9) 

Furthermore, since ^ is uniformly distributed in the unit disc and independent of Xj, we 
may write 

E I log \Xj -ri- z| |^+" = f I log \\j - rC - z| |^+°(iC = -E^-^P + E J^^'^ + E 



ICI<i 

(5.10) 
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where 



J? = ^ I I log I A, - rC - z||i+°dC (5.11) 



27r 



ICI<1, \Xj-r<;-z\<e 



4'^ = ^ I I log |A, - rC - zW^+'^dC (5.12) 



27r 



ICI<1, ^>\Xj^r(~z\>e 



4'^ = ^ I |log|A, -rC-2||i+"ciC (5.13) 



27r 



ICI<1, |A,-rC-2|>i 



Note that 



|j(^')|<logQ). (5.14) 



Since for any b > 0, the function — n^logu is not decreasing on the interval [0, exp{ — -^J, 
we have for < < e < exp{— |}, 

- log n < e^'n"* log 0^ . (5.15) 
Using this inequality, we obtain, for 6(1 + a) < 2, 



< J_,b{i+^) flog fl) / \Xj - rC - zr'^'+'^Uc (5.16) 

"I" V V^// ./|CI<1, |A,-rC-2|<e 

< ^i^'log f-l / lCr'^'+"^dC < C{a,b)e'r-' (log (^))'^" (5-17) 



27rr2 \e 
If we choose e = r, then we get 



ICI<^ 



|Jrl<C(a,6) log - (5.18) 



X > J and sufficiently small e. Using this inequality, we obtain 



The following bound holds for ^YTj=i^4 ■ ^ot^ that |loga;|i+° < e^l log for 



n 



1 1 

-^b4^^ < C(a)e2|loge|-^E|Aj -rC- z|2 < C(a)(l + {z]"^ + r^)e^\loge\ 

< C(a)(2 + |zp)r2|logr|. (5.19) 

The inequalities (|5.16p - (j5.19p together imply that 

|ifjE|log|A,-re-2|r+"| <c(log(i)) ^ . (5.20) 
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Furthermore, the inequahties (|5.8p . (|5.9p . and (|5.20p together imply 

< C [log {^^^ nm (5.21) 
We choose a = 3 and rewrite the last inequality as follows 

i^:^i<^(i°g(7))'^"^ (5-22) 

If we choose r such that log(l/r)n~^/^ — > 0, then (15. 7p holds. Thus the Lemma is proved. 

□ 

— (r) 

We shall investigate U now. We may write 



^2 = --E^ - ^-^^1^^" = -;;Ee log(s,(X(^,r))/f,„ (5.23) 



logX(iEF„(x,z,r), (5.24) 

where -Fn(") -2, ?^) is the distribution function corresponding to the restriction of the measure 
i/„(-,2:,r) on the set VLn- Introduce the notation 

_ /■4+|^| 

U^ = - I \ogxdF{x,z) (5.25) 



n 



Integrating by parts, we get 
Utl -U^ = - ^P-ix,z,r)-F{z,r) ^^ ^ ^^^^^^^ _ ^^^^ ^ 

(5.26) 

where 9 denotes some constant such that \9\ < 1. This implies that 

\U^f^! -U^,\ < Clognsup\BFn{x,z,r) - Fix,z)\. (5.27) 

X 

Note that, for any r > 0, \sj{z) — Sj{z,r)\ < r. This implies that 

EFn{x-r,z) < EFn{x,z,r) < EF„(x + r,z). (5.28) 

Hence, we get 

sup \EFn{x, z, r)-F{x, z)\ < sup |E F„(x, z)-F{x, z)| +sup \F{x+r, z)-F{x, z)\. (5.29) 

Since the distribution function F{x, z) has a density p{x^ z) which is bounded (see Remark 
13. ip we obtain 

sup|EF„(x,z,r) - F(x,z)| <s\\Y>\EFn{x,z)-F{x,z)\+Cr. (5.30) 

X X 
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Choose r = cn s . Inequalities 15.301 and (j2.4ip together imply 

sup \BFn{x,z,r) -F{x,z)\ < Cn'^. (5.31) 

X 

From inequalities ()5.3ip and (I5.27P it follows that 



Note that 



\U^;l-U^\<Cn~-slogn. (5.32) 

|I7!rj -U^\<\ / log xdF{x, z)\ < Cn-i logn. (5.33) 
Jo 

Let K = {z £ C : < 4} and let K^""^ denote C\K. According to inequality (fL2|l . 
we have 

l-Pn-= E/x([)(is:(")) < Pr{si(X) > 3} < sup|F„(x) - Mi(x)| < Cn"!. (5.34) 

X 

^(r) 

Furthermore, let and fin be probability measures supported on the compact set K 
and K^'^^ respectively, such that 

Ef,(:^=Pn-ji^:^ + {i-Pr,)ti^:\ (5.35) 

Introduce the logarithmic potential of the measure Hn , 

?7_(.) =- j\og\z- C|d/i„7lM(C). (5.36) 
Similar to the proof of Lemma 15.11 we show that 

hm |f/W _ u ,r)\ < Cn--s log 71. (5.37) 

n— >oo ^ 

This implies that 

lim U_ir){z) = UJz) (5.38) 

for all z £ C Since the measures Jln^ are compactly supported. Theorem 6.9 from [18] and 

Corollary 2.2 from [18] (see also the Appendix, Theorem 16.11 and Corollary [63]) , together 
imply that 

lim = n (5.39) 
in the weak topology. Inequality (|5.34p and relations (|5.35p and (|5.35p together imply that 

lim E = /i (5.40) 

n— >oo 

in weak topology. Finally, by Lemma 11.11 we get 

lim Bfin = fJ- (5-41) 

n— >oo 

in the weak topology. Thus Theorem 11.21 is proved. 
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6 Appendix 

In this Section we collect some technical results. 

Lemma 6.1. Let X3 = maXj ^E The following inequality holds 



Proof. Introduce the notations 



B :-- 



and 



Bi 



Bo 



B. 



Ba 



B. 



B7 



j,fc=i 



1 " 



j,fc=l 

n 



j,k=i 

n 

EE 

j,k=l 
n 

EE 

i,fc=i 



1 



1 



EE 

n 

EE 

Vee 

, A) 



X 



jk 



X 



jk 



X 



jk 



Xjk 



Xjk 



^k+n,j\ l-n-fc+nji 

oO'fc) ||E>(ifc) ME.. .1 

oO'fc) 1 1 pO'fc) IIP I 
^k+n,k+n\\'^k+n,j\\'^j>j\ 

pO'fc) 1 1 pO'fc) IIP I 



^j,k+n\\'^j,j ll^fc+njl 



pO'fc) |2|n I 
^j,k+n\ \'^j,k+n\ 



j,k=l 



It is easy to check that 



C X3 

max{5fc, A; = 1, . . . , 8} < . 



27 



This implies that 

B < p,. (6.5) 

□ 

Lemma 6.2. Let fin be the empirical spectral measure of the matrix X and Vr he the 

(r) 

uniform distribution on the disc of radius r. Let fj,n be the empirical spectral measure of 
the matrix X(r) = X — r^I, where ^ is a random variable which is uniformly distributed 

(r) 

on the unit disc. Then the measure E ^Un is the convolution of the measures E and Vr, 
i. e. 

E//M = (E/i„)*(i/,). (6.6) 

Proof. Let J be a random variable which is uniformly distributed on the set {1, . . . ,n}. 
Let Ai, . . . , A„ be the eigenvalues of the matrix X. Then Ai +r^, . . . , A„+r^ are eigenvalues 
of the matrix X(r). Let 5x be denote the Dirac measure. Then 



n 



/i, 

n . 



and 

1 " 

^n^ = ;:E^A,+.,. (6.8) 



n . 



Denote by finj the distribution of Xj. Then 

E/i„ = -y'/i„j (6.9) 

and 



n . 



1 " / 1 " ^ 



-OO J —CO 

and 

f OO /"OO 



where 



n . 



(6.10) 



The Lemma is proved. □ 
Let 



/OO poo 
/ exp{itx + ii;2/}dG«(x,2/) (6.11) 

/OO /"OO 
/ eyiY){itx + ivy}dGn{x,y), (6.12) 
-OO J —OO 



1 

G(;)(x,y) = - J]]Pr{ReAj +rC < x,\m.\j + ri < y}, (6.13) 
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and 

1 " 

Gn{x,y) = - ^Pr{ReAj < x,ImAj < y}. (6.14) 



n 
i=i 

Denote by h{t, v) the characteristic function of the joint distribution of the real and imag- 
inary parts of ^, 

/oo roo 
/ exp{iux + ivy}dG{x,y). (6.15) 
-oo J —oo 

Lemma 6.3. The following relations hold 

fi'Ht,v) = fn{t,v)h{rt,rv). (6.16) 
If for any t,v there exists hm^^oo fn{t,v), then 

Hm lim f^^\t,v) = lim lim f^''\t,v) = hm fn{t,v). (6.17) 

r— >0n— >oo n— >oo r— >0 n— >oo 

Proof. The first equahty fohows immediately from the independence of the random vari- 
able ^ and the matrix X. Since lim,.^o h{rt, rv) = h{0, 0) = 1 the first equality implies 
the second one. □ 

Lemma 6.4. Let F and G be distribution functions with Stieltjes transforms Sf{z) and 
Sciz) respectively. Assume that — G{x)\dx < oo. Let G{x) have a bounded 

support J and density bounded by some constant IC. Let V > vq > and a be positive 
numbers such that 

If 1,3 



7 = — / du > —. 

J\y\<a + 1 4 

Then there exist some constants Gi, C2, C3 depending on J and K only such that 
sup \F{x) - G{x)\ < Gi sup / \Sf{u + iV) - Sg{u + iV)\ du 

X x£j J -00 

r-V 

-|- sup / \Sp{u + iv) — Sg{u + iv)\dv + G'^ (6.18) 
6.1 Some facts from logarithmic potential theory 

We cite here some definitions and Theorems about logarithmic potentials, see [18]. Let 
S C C be a compact set of the complex plane and A4(S) the collection of all positive Borel 
probability measures with support in S. The logarithmic energy of // E is defined 

as 

I{fi):= 1 1 log j-^^dfi{z)df,{t), (6.19) 

and the energy of S by 

V ■.= ini{I{fi)\n e M{^)}. (6.20) 
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(6.21) 



n (E) := sup{cap{K)\K C E,K compact}. 



(6.22) 



Note that every Borel set of capacity zero has zero two-dimensional Lebesgue measure. A 
property is said to hold quasi- everywhere (q. e.) on a set E if the set of exceptional points 
is of capacity zero. The next Theorem is called Lower Envelope Theorem 

Theorem 6.1. Let fj,n,, n = 1,2..., be a sequence of positive Borel probability measures 
having support in a fixed compact set. If fi^i. l^ weakly, then 



for quasi- every z G C. 

The following fact is Corollary 2.2 from the Unicity Theorem of logarithmic potential 
theory (see [H], p. 98). 

Corollary 6.5. If /i and v are compactly supported measures and the potentials and 
coincides almost everywhere with respect to two-dimensional Lebesgue measure, then 
^ = V. 

For reader convenience we give here the statement of Theorem 1.2 from |18j . 

Theorem 6.2. Let ^ be a finite positive measure of compact support on the plane. Then 
for any zq and r > the mean value 

. 1 r .... ,„ . 



exists as a finite number, and L{U^; ZQ,r) is a non-increasing function of r that is abso- 
lutely continuous on any closed subinterval o/(0,oo). Furthermore, 



6.2 Minimal singular values 

of sparse matrices In this Section we reformulate some statements from the paper of 
Rudelson [21] to adapt his proof to sparse matrices. Let ejk be independent Bernoulli 
random variables with Prjejfc = 1} = Pn- Assume that ejk, j, k = 1, . . . ,n are independent 
on Xji^, j,k = 1, . . . ,n. Consider the matrix 




(6.23) 




(6.24) 




(6.25) 



X^ = ( 




1 



(6.26) 
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Theorem 6.3. Let Xjk, j,k = l,...n be centered sub-Gaussian random variables of 
variance 1. Then for any 7 > ci^i/^/npn 



Pr < there exists x S 5' 



iX-^xll < 



IVPn 



Cn{npn) 



(6.27) 



if n is large enough. 



The generahzation of this resuh to the complex case is based on similar arguments as 
in Section m for the case pn = ^■ 

Proof. We adapt Rudelson's proof for sparse matrices giving only the neccccessary new 
statements of some Lemmas and Theorems in Rudelson's proof. To prove these results is 
enough to repeat Rudelson's proof of the corresponding Theorems and Lemmas. 

Lemma 6.6. (Lemma 3.1 in f21^ ) Let c > 0, < A < a/27r and let ^1, . . . be indepen- 
dent random variables such that E^j = 0, Pr{^j > 2a} > c and Pr{— > 2a} > c. For 

y GR set 



n ^ 

5a (y) = Yl niMCj £[y-TTA,y + vrA]} + Pv{-^j G [y - ^A,y + ^A]}), 



(6.28) 



i=i 



Let be identically distributed Bernoulli random variables independent on ^i, . . . ,(^n 

and independent in aggregate, with Pr{ej = 1} = Pn- Then for any z; G R 



^ Q n /\ ^ -? 



S\{y)dy + cexp{-c'npn}. 



(6.29) 



1^ OA I 0(1 

n2p^A ■'^ 



Theorem 6.4. (Theorem 3.5 in \21^ ) Let ^1, . . . i. i. d. be sub-Gaussian random vari- 
ables such that E,^j = and Pr{^j > c} > c/, Pr{— > c} > c' for some c, c' > 0. Let 
A > and let (xi, . . . , Xm) S M™ be a vector such a < \xj\ < Cs.sa/^/p^. Let ei, . . . , e„ 
be independent on ^1, . . . , o,nd independent in aggregate identically distributed Bernoulli 
random variables with Pr{ej = 1} = p„. Then for any A < a/(27r) and for any v gM. 



Pr 



< A > < 



C3.! 



(mpn) 



k=l 



where 



Piix,A) = \{j |x,|G(A;A,(A; + l)A]}|. 



(6.30) 



(6.31) 



Lemma 6.7. (Lemma 4-1 in W^ ) Assuming the conditions of Theorem \6.3[ for the matrix 
'K^ and for every u G M, we have 



Pr{||X^|| < C4.iVnp;r} < exp{-C4.inp„}. 



(6.32) 
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Lemma 6.8. (Lemma in \2M) Ci? • • • > be i. i. d. sub-Gaussian random variables 
such that E^j = and E^^f = 1. Let < r < R and let xi, . . . ,Xm G M 6e such that 



j= < \Xn\ < 

rrn ' J ' Jmpn 



for any j . Then for t > o-nd for any v G 



Pr ^ I '^(.j£jXj -V <t^ < C4.2t/v;^- 
i=i 



(6.33) 



Lemma 6.9. (Lemma 4-4 ]21^)Let A > and let Y be a random variable such that 
for any t > IS., Pr{|y — v\ < t} < Lt. Let y = (Yi, . . . , 1^) be a random vector, whose 
coordinates are independent copies ofY. Then for any z G M" 



Pr { ||y - z|| < A^} < (C4.4^A)". 

We define the set (t(x) for any x G S^""^^^ as 

o-(x) = {i I \xi\ < R/y/np^}. 

Let Pj be tlie coordinate projection on tlie set / C {1, . . . , n}. Set 

= {x G I ||P.(,)x|| < r} 

= {x G I ||P.(,)x|| > r}. 

Lemma 6.10. (Lemma 5.1 in \21^ )For any r < 1/2 

logiV(yp,^,",2r)<^Iog^. 

Lemma 6.11. (Lemma 5.2 in f21f ) 

Pr |t/iere exists x G Vp ||X^x|| < C4,iy^np^/2| < exp{— C4.inp„}. 
For X = (xi, . . . , Xn) G Vs denote 

R 



= < \Xj\ < 

2^ - ' ^' - 



^/np^ 



}■ 



Note that 



|J(x)| > {r^/2R^pn)n =: m. 



(6.34) 



(6.35) 



Let < A < r/2y/n be a number to be chosen later. We shall cover the interval 
by 

'R/JK-r/2 



k 



(6.36) 



(6.37) 



(6.38) 



(6.39) 
(6.40) 



consecutive intervals (jA, (j + 1)A], where j = ko, (fco + 1), . . . , (/cq + k) and ko is the 
largest number such that /cqA < r/2y/n. 



32 



(Definition 5.3 in [21]). Let A > and Q > 1. We say tliat a vector x S V5 has a 
(A, (5)-regular profile if there exists a set J C J(x) such that \J\ > m/2 and 



1=1 



m 
~k 



(6.41) 



Lemma 6.12. (Lemma 6.1 in JMf) Let A < ^J^ - Let x G 6e a vector of {A,Q)- 
regular profile. Then for any t > A 



Pr 



<t) < CQ,iQt/p„ 



(6.42) 



Theorem 6.5. (Theorem 6.2 in \21^) Let ^^J!^^ > A > and let U be the set of vectors 
0/ ( A, Q) -regular profile. Then 



A /JT' 

Pr{ i/iere exists x G [/ | ||X^x|| < S^!- } < Ce.iQAn/y/^ 



(6.43) 



Lemma 6.13. (Lemma 7.1 in JEH) Let CT,i{npn) 2 < A < (np„) 2 where C7.1 = 
and let Ws he the set of vectors of (A, Q)-singular profile. Let r] > be such that 



Cir]) < C5.3Q, 



(6.44) 



where C{r]) is the function defined in Lemma 2.1 in lET^. Then there exists a A-net in 
Ws in the loo-metric such that 



l-AA|< 



VA^/np;; 



(6.45) 



Theorem 6.6. (Theorem 7.3 in 121^) There exists an absolute constant Qq with the follow- 

3 

ing property. Let A > Cj,s{''^Pn)~^ , where Cj,2, = niax{c4.2, C7.1}. Denote byQ/\ the event 
that there exists a vector x £ Vs of (A, Qq)- singular profile such that ||X^x|| < — ^^n. 
Then 

Pr{J]A} < 3exp{-np„}. (6.46) 

To prove Theorem 16.31 we combine the probabihty estimates of the previous sections. 
Let 7 > -j== where the constant ci.i will be chosen later. Define the exceptional sets: 



r^o = {w I llx'^ii > C2.3y/np:^}, 

Op = {uj I there exists x G Vp||X^x|| < C4,iy/npn}. 



Let Qo be the number defined in Theorem 16.61 Set 

7 



A 



2C6.iQo"-P n 



(6.47) 
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3 

The assumption on 7 imphes A > CT,3{npn)~^ if we set ci.i = 2C6.1Q0C7.3- Denote by 
Ws the set of vectors of the (A, (5o)-singular profile and by Wr the set of vectors of the 
(A, Qo) -regular profile. Set 

A^ 1 

there exists x E Vl^5||X^x|| < — ^—!^n = — —7 

2 4C6.iQoV^ 



there exists X e M^k||X^x|| < = — 7n ^Pn f ■ (6.48) 

2Vra 4C6.1Q0 J 

1 

By Theorem 16.61 Pr{0'?} < 3exp{— np„}, and by Theorem 16.51 PrlOp} < CnA/pn < 

_ 3 

C"fpn ^ ■ Choosing 7 = —S=, we conclude the proof. □ 
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